Abstract. We write out the explicit form of the metric for a linearized gravitational wave in the transverse-traceless gauge for any multipole, thus generalizing the well-known quadrupole solution of Teukolsky. The solution is derived using the generalized Regge-Wheeler-Zerilli formalism developed by Sarbach and Tiglio.
Introduction
In the linearized approximation to general relativity, one assumes that the spacetime metric g αβ can be regarded as a small perturbation of the flat-space (Minkowski) metric η αβ , g αβ = η αβ + δg αβ , where |δg αβ | ≪ 1. Solutions to the linearized Einstein equations have been known since the early days of general relativity. One usually works in the harmonic (or Lorentz, or de Donder) gauge, in which the perturbation satisfies
Here ∇ is the flat-space metric connection, δg ≡ δg β β , and indices are raised and lowered with η. Harmonic gauge does not fix the coordinates completely; one can impose four additional conditions. A popular choice is transverse-traceless (TT) gauge,
where 0 denotes the time component. (Only four of these equations are independent of the harmonic gauge condition (1).) Conversely, if one only imposes (2) as a gauge condition then the components R 0α = 0 of the vacuum Einstein equations imply that the second time derivative of (3) and the first time derivative of (1) also hold. A common way to represent the solutions is as expansions in tensor spherical harmonics, which are eigenfunctions of the (tensor) Laplace operator on the sphere (see [1] for a review article and [2] for an alternative approach). Teukolsky [3] wrote out the quadrupole (ℓ = 2) solution, giving all the functions in explicit form. This is particularly helpful for numerical relativists who need expressions that can readily be coded. Teukolsky's has become one of the most widely used solutions, both for code testing purposes and for the construction of vacuum initial data using the conformal method (the two earliest references being [4, 5] ). As far as I know, such an explicit form of the solution has not appeared in the literature for ℓ > 2. Having such a solution at hand will be useful in order to model higher-multipole gravitational waves. For instance, it can be used as a testbed for improved absorbing boundary conditions [6] . Being able to evolve the higher multipoles correctly is important, e.g. the contribution of octupole (ℓ = 3) radiation is found to be substantial in non-equal-mass binary black hole mergers [7, 8] .
In section 2, we present the general solution of the linearized vacuum Einstein equations in TT gauge. The radial functions are written out explicitly. The angular functions are given in terms of spin-weighted spherical harmonics or alternatively in terms of derivatives of the standard spherical harmonics. The number of independent angular functions needed is reduced considerably as compared with [3] . Explicit expressions in terms of elementary functions are listed for ℓ = 2, 3, 4 in Appendix A. In section 3, we describe how the solution was derived using the improved gauge-invariant Regge-Wheeler-Zerilli [9, 10] formalism developed by Sarbach and Tiglio [11] , which proves to be a powerful method for generating solutions of the linearized Einstein equations.
The solution for arbitrary ℓ 2
There are two independent polarization states, or equivalently even-and odd-parity waves. The even-parity metric is g = −dt 2 + (1 + AŶ )dr 2 + 2BŶ θ r dr dθ + 2BŶ φ r sin θ dr dφ
Here the functions A, B and C depend on t and r only; they are defined below in (8) .
The functionsŶ ,Ŷ θ ,Ŷ φ ,Ŷ θθ andŶ θφ depend on θ and φ only; they are defined below in (10) or equivalently (11) . The odd-parity metric is
Again the functions K and L depend on r and t only and are defined in (9) . The functionsŜ θ ,Ŝ φ ,Ŝ θθ andŜ θφ are directly related to the even-parity angular functions via (12) . Note that when written in this form, the perturbation is manifestly traceless, and we have reduced the number of independent angular functions to five as opposed to (seemingly) twelve in [3] . The solutions are specified in terms of mode functions F (x) for even parity and G(x) for odd parity that can be chosen arbitrarily. We set
and similarly for G. Outgoing (ingoing) solutions are obtained by taking the argument of the functions F (k) and G (k) to be r − t (r + t). (By using r − t instead of t − r as in [3] we achieve the same form of the radial functions (8) and (9) for both directions of propagation.) We define the coefficients c j , 0 j ℓ, recursively by
or equivalently,
The radial functions appearing in the even-parity metric (4) are now given by
and those in the odd-parity metric (5) are
For a multipole ℓ we need the derivatives of the mode functions up to order ℓ + 2 for even parity and up to order ℓ + 1 for odd parity. The angular functions in (4) are most easily written in terms of spin-weighted harmonics [12] s Y ℓm (θ, φ). These can be obtained recursively from the standard spherical harmonics Y ℓm by
s Y ℓm , where the operators ð andð are defined by
For simplicity we omit the indices ℓ and m. We havê
If preferred the following expressions in terms of the standard spherical harmonics and their partial derivatives may be used,
The odd-parity angular functions in (5) are related to the even-parity ones bŷ
For each ℓ there are 2ℓ + 1 independent real solutions. These are obtained by replacing Y ℓm with Re Y ℓm if m 0 and with Im Y ℓ|m| if m < 0. The mode functions F and G must then be taken to be real.
Derivation of the solution
We have derived the solution using the generalized Regge-Wheeler-Zerilli [9, 10] formalism of Sarbach and Tiglio [11] . In this formalism, the background spacetime is assumed to be a direct productM ⊗ S 2 of a Lorentzian 2-manifoldM and the 2-sphere. The metric onM is denoted byg, its volume element byǫ and its associated covariant derivative by∇. In our caseg is flat,
and∇ reduces to the partial derivative. The standard metric on S 2 is denoted byĝ, its volume element byǫ and its associated covariant derivative by∇. We havê
The metric perturbation (in an arbitrary gauge for the time being) is decomposed as
Here lower-case Latin indices a, b, . . . range over t and r and upper-case Latin indices A, B, . . . range over θ and φ. The even-parity basis tensor spherical harmonics are derived from the standard scalar spherical harmonics Y according to
where tf denotes the tracefree part. The odd-parity basis harmonics are
Indices ℓ and m have been omitted and a sum over these in (13) is implied.
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Master equation
Solutions of the linearized Einstein equations can be described in terms of two gauge invariant scalars Φ (±) , the (generalized) Regge-Wheeler-Zerilli (RWZ) scalars. Here + refers to even and − to odd parity. They obey the master equations
For a flat-space background, V ± (r) = ℓ(ℓ + 1)/r 2 and hence
an example of the Euler-Poisson-Darboux equation [13] . This equation is easily solved by making the ansatz
where
and the argument is taken to be x = r − t for an outgoing solution and x = r + t for an ingoing solution. The F ± are precisely the mode functions appearing in the final solution (section 2), with F ≡ F + and G ≡ F − . For both directions of propagation (14) implies
and hence together with the convention c ℓ = 1 we obtain (6) and (7) .
We need to reconstruct the metric perturbation from the RWZ scalars and impose the TT gauge. The two parities are treated separately. Throughout we use the notation˙≡ ∂/∂t and ′ ≡ ∂/∂r.
The reader is referred to [11] for further explanation of the formalism underlying the following calculation.
Odd parity
From the Regge-Wheeler scalar Φ (−) , we first compute the gauge-invariant potential
The bracket denotes the components [h
. The gaugeinvariant potential is related to the amplitudes of the perturbation via
The gauge condition (2) implies h t = 0 and so we obtain first
and finally
We define the integral to simply lower the index of the F ± by one, and in the case of the outgoing solution multiply the result by −1. No integration constant is being added.
Even parity
From the Zerilli scalar Φ (+) we obtain the Zerilli one-form
where λ ≡ (ℓ − 1)(ℓ + 2). Next we form the gauge-invariant potential
From this the one-form C is defined by
can be deduced using
and the fact that H (inv) ab is tracefree. We find
The metric amplitude H ab is related to this via
where p b are gauge parameters that we compute first. The gauge condition (2) implies H tt = H tr = 0 and hence subsequently
The gauge parameters p a can also be expressed in terms of the amplitudes of the perturbation as
The gauge condition (2) implies Q t = 0 and hence subsequently
Final form of the solution
Starting from the solution (15) of the master equation and going through the calculation described above, we arrive at the radial functions (9) and (8), where we identify
Because of the integrations involved we have raised the derivative index of the F (j) by 2 and of the G (j) by 1 so that no negative derivative indices appear in the final form of the solution. The modified angular functions are defined bŷ Y φ = csc θ Y φ ,Ŝ φ = csc θ S φ ,Ŷ θφ = csc θ Y θφ ,Ŝ θφ = csc θ S θφ and the remaining ones are equal to their unhatted counterparts.
In our derivation of the solution, we have only imposed the gauge condition (2). It can be checked directly that the remaining conditions (1) and (3) are also satisfied. This also follows more generally from the argument given below equation (3) The (real) angular functions are listed below in the order m = ℓ, ℓ − 1, . . . , 1, 0. We use the shorthand
where the two elements of each of these correspond to the two independent real solutions for each m > 0 (the real and imaginary parts of the spherical harmonics). The odd-parity angular functions are immediately obtained from the even-parity ones using (12) . For simplicity we leave out the normalization factors of the spherical harmonics.
For ℓ = 2 we have
r 3 −
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This solution agrees with that of Teukolsky [3] up to an overall constant factor (depending on m and the parity).
For ℓ = 3 we have r 4 + 315G
